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Abstract 



We explain a characterization of Einstein-Fano manifolds in terms 
of the lower bound of the density of the volume of the Kahler-Ricci 
Flow. This is a direct consequence of Perelman's uniform estimate for 
the Kahler-Ricci Flow and a C° estimate of Tian and Zhu. 



1 Introduction 

During his visit at the MIT in the spring of 2003 G.Perelman made the following 
surprising claim. Under the Kahler-Ricci Flow over a Fano manifold the nor- 
malized Ricci potential, its gradient and Laplacian, the diameter and the scalar 
curvature are uniformly bounded. Perelman also gave a sketch of his proof. 
The proof uses in a crucial way the celebrated Perelman's no local collapsing 
result. The details have been filled out by Sesum and Tian in |Se-Tij . By using 
Perelman's result Tian and Zhu |Ti-Zhj was able to prove the convergence of the 
Kahler-Ricci flow over solitonic Fano manifolds. In this way they partially prove 
the important Hamilton-Tian conjecture on the convergence of the Kahler-Ricci 
flow over Fano manifolds. Perelman's spectacular result combined with the C° 
estimate of Tian and Zhu in |Ti-Zh| implies directly the following characteriza- 
tion of Einstein-Fano manifolds in terms of the lower bound of the density of 
the volume of the Kahler-Ricci Flow. 

Theorem 1 Let X be a Fano manifold and G be a compact maximal subgroup 
of the identity component of the group of automorphisms of X. Then X admits 
a G-invariant Kahler- Einstein metric if and only if the Kahler-Ricci flow (wt)t 
with G-invariant initial metric u> satisfies the uniform estimate u>" > kuf 1 , 
k > for all times t > 0. 

This is an equivalent form of one of the main resulte in |Ti-Zh| . In writing this 
fact we took also the occasion to give as much as possible an intrinsic flavor to 
the proof of the celebrated Yau's C 2 |Yauj and Calabis's C 3 -uniform estimates 
for the complex Monge- Ampere equation in the case of the Kahler-Ricci flow 
(see also |Ca,o| l. 

The first step in proving Perelman's result consist in showing the boundedness 
of a normalizing constant which appears in the evolution formula of the Ricci 
potential. Perelman show this by using the monotonicity of his [i functional 
along the Kahler-Ricci flow. We realize that the boundedness of this constant 
follows in a classical way by using the generalized Bochner-Kodaira Formula. 
This leads also to an intresting consequence. 

Proposition 1.1 Along the Kahler-Ricci flow j^uit = u>t — Rict = iddu t , 
f x e~ Ut to" = 1, Perelman's W functional of the Ricci potential u t with scale 
t = 1/2 is increasing. Moreover the monotonicity is strict unless the flow is a 
sol 
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2 Curvature notions for the tangent bundle 

Let (X, J) be a complex manifold of dimension n equipped with a hermitian 
metric w G £(A 1 ; 1 T^)(X). We note by — d u + d the Chern connection of 
the hermitian tangent bundle (Tx,j, h), where h := to(-, J-) — ito is the hermitian 
form on Tx,j associated to to. We note by 

C(T X>J ) := {D^f G £(A 1 J ' 1 T* ® c End c (T x ,. ; ))(X) 

the Chern curvature form, which can also be given by the simpler formula 
Cuj{T x j)£ = dd^t;, for any germ of holomorphic vector field £ G 0(T XJ ) X , 
The Chern curvature C x 3 G 5(Herm(T®^))(X) is the hermitian form on the 
complex vector bundle T®^ defined by the formula 

= -2iu{C u (T x , J )(^' ,C2' 1 ) 7 /i'°> J 72' 1 ) 

for all real vector fields £j,r]j G £(Tx)(U), j = 1,2 on some open subset £/. The 
Griffiths curvature is defined by the formula 

G x 7 (£ ® 77) := C" XJ (£ ® 77, £® »?) = -^C^T^fo J£)t7, »?). 

The fact that the Chern curvature is a hermitian form implies that the Griffiths 
curvature takes allways real values. Then we deduce the identity 

2G%J£<8>v)=<>>(C u (T XtJ ){Z,Jt)ri,v). (1) 

If £, ?7 G 0(Tx,j)(U) are holomorphic vector fields then the Griffiths curvature 
can be given by the simple formula 

Gx,AZ®n) = -t 1 '°-?> 1 -\v\l + \%v\l- 

(see for example jKubj;. Let (zi,...,z n ) be holomorphic coordinates and let 
(Ck)k G G(T x >®)® n (U) be a local holomorphic frame of the vector bundle T x ' j. 

Consider the local expression of the metric to = | J2k 1 u k,lQk A C> where the 
coefficients uj k f satisfient the hermitian symmetry relation uj k f — uj t g. We note 

by (co k ' 1 ) = (uij^ j)^ 1 the inverse matrix of (w fc j), namely Ylt ljjk ' t ' jJ t,l = $k,l- If 
a e AP^T* (g> c T x ;° then we will note by a ® C == a ® C + 0(0 <8> C- With 
this notations the Chern curvature form is given locally by the expresion 

n n 

c u (t XiJ ) = e ®j c = E c ^ ® c ®, 

rn— 1 l,m— 1 

n 

= E cg^AdffcjsCs.G, 
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with 

n n 

C'i, m := - ( d 9uJ m ,f - duJ rn,s A w s '*<9wt,f)w r ''. (2) 

i-=l s,t=l 

The Chern curvature have the local expression 

n 

c x,., = E c i,i*,m dz > ® ® ^ ® c, 

j,k,l,m=l 

where the coefficients Cj- j g m := X^^=i ' w fc.,m satisfient the hermitian sym- 
metry relation Cjijj. m = C k m j f. The following lemma shows that the Chern 
curvature is the obstruction to the existence of holomorphic frames orthonormed 
at an order higher than one. 

Lemma 1 Let (X, J) be a complex manifold of dimension n equipped with a 
hermitian metric u> € £(A 1,1 T^-)(X) . Then for every point x E X and any 
d(x)- orthonormed frame (ek)k C there exists holomorphic coordinates 

(z\, z n ) centered at x and an holomorphic frame (Ck)k G O{T^: j )® n {U x ), 
Ck(x) = Ck, in a neighborhood of x such that the metric to have the local expres- 
sion 



" = o£cr a cr- , E ^^cac+o(n 3 ), 



where the coefficients Hf'^ satisfient the hermitian symmetry Hf^ = 
Moreover for any such coordinates and frames the Chern curvatures have at the 
point x the expressions 

n 

C u (T XtJ ){x)= ]T H^ I (dz j Adz k )®C m ®j<;i, 

j,k,l,m—l 
n 

j,k,l,m—l 

We define the Ricci tensor RiCj(w) G ^(A^TJ n A^T£)(X) of the metric w 
respect to the complex structure J by the formula 

Ric>) := zTr c C W (T X ; ) = iC^K^) e 2tt Ci (X) , 

where C^K^j) is the Chern curvature form of the anticanonical bundle -fS^cV := 
A"Tx,j. The scalar curvature Sc J (w) € K) of w respect to J is defined by 
the formula 

Scj(w) := Tr^, Ri Cj (w)) = ^ . 

The fact that the Chern connection is invariant by scalar multiplications of the 
metric implies that Ric 7 (Aa;) = Ric ; (a>) for every real number A > 0. The Ricci 
curvature have the following local expression 

Ric»=t ]T CjfqAQ. 

l<j,k,l<n 
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We remind (cf. [Dem]) that if {L,h) -> (X, J) is a holomorphic hermitian line 
bundle and a € C(L \ 0)(C/) is a non vanishing holomorphic section over an 
open set U then the local expression of the Chern curvature is given by the 
formula 

C h (L) = -dd\og \a\ 2 h 

on U. If (Cfc)fc S 0(T^ : °)®™(C/) is a local holomorphic frame of the vector bundle 

Tx°j then |£i A ... A C, n \t = det((jj fc i). We deduce that the local expression of the 
Ricci curvature is given by the formula 

Ric 7 (w) = — iddlog det(w fe/ -). 

If u>i is an other J-invariant metric then we have the global identity 

Ric 7 (wi) — Ric J (w) = — iddlog 

2.1 The Kahler case 

If (X, J, uj) is a Kahler manifold then the Chern connection coincides with the 
Levi-Civita connection of the J-invariant Riemannian metric g = g u j associated 
to Li, This implies that in the Kahler case the Chern curvature form coincides 
with the Riemann curvature form lZ g . In this case the Riemann curvature 

RgfoKfrQ^RgteAri^AQ ~g(C u (T X)J )(£,Tj)C,n), 

(£, 77, /i, C € Tx) is a smooth section of the vector bundle S^(Ay T x n A^T X ), 
We consider also the C-linear extension of the Riemann curvature on the com- 
plexified tangent bundle Tx <8> s C. We have the equalities 

D / t l,0 t 0,l 1,0 0,1s D /tl,0 e 0,l 0,1 1,0\ 




= M^(^.j(^d ,1 )»h 1,0 .^ ,1 ) = -^ tJ (fi®t ft ,e2®»»). 

The Riemann curvature have the following local expression in arbitrary holo- 
morphic coordinates (zi, z n ) 

n 

R g = Rj,k,l,m ( dz 3 A ^fc) ® (d z i A dz m ), 

_j',fc,i,m=l 

where the coefficients are given by the formula 2Rjj, l<fh = —Cji^. m respect to 
the frame (Q) :— (d/dzj). Using the formula <|2| respect to the frame (Q) we 
deduce the expression 



d ujifn sr^ duis . t du 



Of?- — " ~i,m x • "~t,a s ,t "~^t,m 



s,t=l 



The facts that the Riemann curvature is real, is symmetric over Ay x T£ and the 
first Bianchi identity 7Z g ((;,r})fi + 7Z g (r], fj,)t; + 7£ ff (/x,£)?7 — 0, are expressed in 
terms of the coefficients of the Riemann curvature by the symmetries 



D - — ~D _ 

D - — /? 



D _ _ D 



'j,m,l,k 1 
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(the second and last equality implies also Rj^,i,m = Ri,k,j,m)- By the other 
hand we see that the second and last equality follows immediately from the 
Kahler symmetries 

dzj dzi ' dz k dz m 

Holomorphic geodesic coordinates. In the Kahler case the conclusions of 
lemma holds for the frame (Q) :— (d/dzj). In fact we have the following 
strongest result. 

Lemma 2 Let (X,J,u>) be a Kahler manifold of dimension n. Then for ev- 
ery point x £ X and any uj(x)-orthonormed frame (ek)k C T^>° there exist 
holomorphic coordinates (zi,...,z n ) centered at x such that gf-^ = &k and the 
metric uj have the local expression 

gj = -^2 dzi A dzi - - Y Hj-^ZjZkdzi A dz m + 0(\z\ 3 ), 

l j,k,l,m 

where the coefficients Hf' m satisfient the symmetries -ff/'^ = H and Hf^ = 

Hj'fn — Hi'k™ ■ Moreover for any such coordinates the Chern curvatures have at 
the point x the expressions 

d 

C U (T X ,)(x) = V H J ' k T (dzj A dz k ) ® dz m <g> , — , 

f — 4 m >* OZi 

j,k,l,m 

C x,j( X ) = Y H l',m dz 3 ® dzi ® dE k ® dZm ' 
j : k,l,m 

The lemma shows that in the Kahler case the Chern curvature is the obstruc- 
tion to the existence of holomorphic coordinates (z\, z n ) such that the frame 
(d/dzj) is orthonormed at an order higher than one. This coordinates are called 
geodesic holomorphic coordinates. 

It will also be usefull a more precise version of the lemma We need first 
some notation. Consider the complex vector bundle F := SfAy^T* equipped 
with the connection Vf induced by the complexified Levi-Civita connection. 
We have the following lemma. 

Lemma 3 Let (X, J, to) be a Kahler manifold of dimension n. Then for every 
point x £ X and any u>{x) -orthonormed frame {&k)k C T^j there exist co- 
geodesic holomorphic coordinates (zi, z n ) centered at x such that gf-^ = &k 
and the metric to have the local expression to — \ J2i m ^i,™, dzi A dz m , with 

W{,m = $l,m - E iX z i Ek ~ Yj [ H lt k z P z 3 z k + H P m °f ZkZpZjj + 0(|z| 4 ), 

j,k p,j,k 

where the coefficients Hf' m satisfient the symmetries of lemma\^ and the coef- 
ficients Hf'^ k are symmetric in the indexes p,j,l and k,m. Moreover for any 
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such coordinates the Riemann curvature and its first covariant derivatives has 
at the point x the expressions 

Ru(x) = - ^2 Hf^ (dzj A dzk) ® (dzi A dz m ), 

j,k,l,m 

V 1 / R u (x) = - H l'£ k dz P ® ( dz i A dzk ) ® ( dzi A 

j,k,l,m : p 

V^ 1 i? w (as) = - Yj HP rnf dz 'P ® A ® ( dz ' A <H m ). 

j,k,l,m,p 

The Bisectional curvature. Consider now the bisectional curvature 
ba g (t v ) := i? g (£, Jt V , Jri) = 4R g (e fl , ?? ' V'°), 

(the last equality follows from the identity £ A J£ = — 2i£ 1 ' A £ 0,1 ). We remark 
that the bisectional curvature coincides with the sectional curvature a g (£_,r]) := 
77, £, 77) on complex lines, (in fact <7 S (£, J£) = &cr g (£,£)). The identity (QJ 
shows that in the Kahler case the Griffiths curvature coincides (modulo a factor 
2) with the bisectional curvature. In the Kahler case the Riemann curvature 
is determined by the bisectional curvature. In fact the vector bundle Ar^Tx 
is generated over C by the vectors of type £ 1,0 A £ 0,1 , (see for example |Demj . 
Chapter III, sect 1). 

The Riemann curvature operator. Let G G ^(S^A^TJ n h%T x )){X) be 
the induced metric over the real vector bundle Ay TxCtA^Tx- We will still note 
by G 6 £(S^(Ay T X ))(X) the C-linear extension over the complexified vector 
bundle A^Tx- Explicitly the metric G is given by the formula 

G(ui Au 2 ,vi Av 2 ) := det(g(u k ,vi)) k ,i = oj(ui,v 2 ) ■ uj(vi,u 2 ), 

for any ui,v\ <E T^'° and u 2 ,v 2 G T^ 1 . We remind now that the Riemann cur- 
vature operator Rm 5 G £(End H (Ay Tx n A~Tx))(X) is defined by the formula 

G(Rm s (£ A ti), fi A C) := R g (Z A r), ft A Q, 

for any T^'° and 77, ( G T^'*. In local coordinates we find the expression 

Rm g = J2 Rm S(^ Adffe )®(^ A ^;)' 

with 

n 

(,m=l 

So in conclusion if put i? := j), we have the following synthetic expression 
Rm fl = 2 H-'d(dH ■ H~% s ( A A A) 

1 s 

for the curvature operator. The fact that Rm s is a real operator implies the 
conditions 

Rm s V = Rm* ,s , . 
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The Ricci tensor. We remind that in the Riemannian case the Ricci curvature 
Ric(g) £ £(S%T X )(X) is defined by the formula 

RicGtf&jj) :=■&,(%„(•, 0»7) 

for every £,,rj £ Tx- If (-X', J, w) is a Kahler manifold and g is the J-invariant 
Riemannian metric associated to w, then we have the formula 

Ric J (a;)(e,J7y) = Ric( 5 )(e ! r?) 

for every £, 77 £ Tx . Let (zi, z„) be w-geodesic coordinates centered in a point 
x and set ujq := | rfzfc A o?Zfc and write Ric 7 (u>) — i J2k 1 ^kl^Zk A dz\. Then 
we have the expansion 

w n = f 1 - E j «tf + 0(M 3 ) . (4) 

Starting from next section we will allways use Einstein's convention of sums. 



3 The generalized Bochner-Kodaira formula for 
compact Kahler manifolds 



In writing this section we was inspired by FuJ. Let (X,lu) be a compact Kahler 
manifold of complex dimension n and let 

m / 7i\ /„ nia A 8 Auj"^ 1 
(a, 8) u := Tr w (ia A 0)/2 ^ , 

be the induced hermitian product over the complex vector bundle A.y°T* . More- 
over let h £ £(X,M.) and u S £ (X, C) be smooth functions. Then the Laplacian 
Au.hU := A^it + 2 is a self-adjoint differential operator respect to the 

inner product defined by the weighted volume form e h ui n : 

{u,v) u>h := J uve h ui n . 
x 

In fact this follows from the identities (A Wi ; l u)e' 1 = — Tr w [id(e h du)] and 

id{e h du)v Auj 11 - 1 = - J iduAdvAe h u; n - 1 = J uid(e h Bv) A w"" 1 . 

X XX 

We say that A e C is an eigenvalue of if there exists a function u £ £{X, C), 
not identically zero, such that A^w + Xu = 0. Since 

h. ,71 / r>\ o. \2 h, ,71 



{A^ h u)ue h u> n = J 2|0t*|£eV 
for any u £ £{X, C), all the eigenvalues of A^ jj are nonnegative real numbers. 
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Lemma 4 (Generalized Bochner-Kodaira formula) . Let (X, u>) be a com- 
pact Kahler manifold of complex dimension n and let u, h <E £ (X, M) be smooth 
real functions. Then we have the Bochner type formula 



x 



X 



(dA Uth u,du) u e h u n 
(Ric(w) - iddh) (V w u, JV w u) eV\ (5) 



Proof. Let (zi, z„) be w-geodesic holomorphic coordinates with center a 
point x. By definition of the (2, 0)-component of the Hessian we have the identity 
V}j a du (£, rj) = t J?, u- (V*'^ n). u for every (1, 0)-vector field £, 77 £ £ (T^°)(f7) 

over an open set U. By using the equality V^ ^- = u)i ,k ® gj-, we deduce 
the local expression 

1 n / 7 • - \ 

Vj"du = \Uk,i - w 3 ' r u r J dz k ® dzi 

= (u k ,i + C k r j z t u^j dz k ® dzi + 0(|z| 2 ). 

Moreover the local expression V]j Q u — 2u k -^ + 0(|z| 2 ) implies the local ex- 
pression 



Vl]°u _j Vi'°0u = 2(u fc ,,u s + C k r f z t u r u k ) d Zl + 0(\z\ 2 ) 

= 2(ll ki lU k - + C\'J Z t Upl r ) dZl + 0(\z\ 2 ). 

We deduce the equality at the point x 

- Tr w [*5(Vi>°« -j Vi'°du)] (a;) = S(u k ^u k ) T + 8C?f u k u r 

= 8(« fcl ,«s)r - 2z Ric(w) (Vi'°«, V^u) 

= 8(u k ju k )j + Ric(w)(V w 7i, JV w it)(x). (6) 

Consider now the trivial equalities at the point x 

\dVu°u\l(x) = Sukju^j = 8(tiu«fc) r 8tiyj^ 

= 8(« fc) («s)j- {dA u u,du) u (x). 

Then using the equality © and the identity 

(dA M du) u = (dA^u, du) u + 2V 1 fdu(v 1 fu, vi'°/i) + idBh(v u u, j^ uU ), 

we deduce the formula 

\d Vi'%| 2 = - (SA^it, du)^ - (Ric(w) - zdd/i) (V„u, JV w w) 

Tr„, ^9 (Vi'°u _< Vi'°5u) 1 + 2V^°9 U (V^u, V^) . (7) 



Moreover consider the equality 



2nd 



i V]fdu) A 



/l, ,77, — 1 



= 2ni<9(V 1 ,'°u 



„/(, ,71 — 1 



V]fdu) A eV' 
2n (V.Vu 1 V.Vflu} A iSft A e^ 1 . 
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The last term is equal to 

- 2n (Vi'°u _i Vl; du) A (V^h _i w) A eV' 1 - 1 

= -2Vi<°d U (Vi;%,Vi^) 
so we have the formula 



2nd 



i Vl'°du) A 



iVi'°0«) 



= Tr 

- 2Vi'°9 W (Vi'Wi'°/ l )e h a;" 
Then the formula © follows from the formula and the Stokes formula. □ 

Corollary 1 (Poincarre type inequality). Let X be a Fano manifold of 
complex dimension n, let ui G 2irci(X) be a Kdhler metric and h S £(X,TRL) 
such that Ric(w) — u> — iddh. Set Vh := J x e h u n . Then for all smooth functions 
p £ £(X,M) we have the Poincarre type inequality 



J \d<p\le h u,"> J <f?e h u,"-±rl J V e h uA 
X x \x I 



(«) 



Proof . Letu £ £ (X, M) be an eigenfunction corresponding to the first eigenvalue 
Ai > of the Laplacian A u ,h- Then the Bochner type formula (0 implies the 
inequality 

A! J \du\le h cj n > J |V w u|*A; w = 2 J |0u|*eV*. 



The fact that u can not be constant implies Ai > 2. Consider now the function 
:= ip — J x tp e h uo n /Vh- Then the variational characterization of Xi implies the 
inequality 



1,2 eV* > I 6 2 e h uj n , 



x x 
which implies the required Poincarre type inequality JEJ . 



□ 



4 The Kahler-Ricci flow over Fano Manifolds 

Let X be a Fano manifold of complex dimension n and let u E 2ttc\(X) be a 
Kahler metric. Let V u '■= {p € £(X,M) \ iddp > ~uj} be space of potentials 
and define lu v :— u> + iddip for every p £ V u . The Kahler-Ricci flow is a family 
of Kahler metrics (uit)t, solution of the evolution equation 

^-wt =w t - Ric(w t ) (9) 

with initial metric uj £ 2nci . It was proved in |Cao| that the Kahler-Ricci flow 
(u>t)t exists for all t € [0, +oo) and (uJt)t C 2ttci. This is because solving the 
equation JHJ is equivalent to solve the equation in terms of potentials 

ipt = log - j -+<pt + c t -h u , (10) 
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where ip t £ V u , cot — w + iddtpt, fa = 0, /i w G £(X,R) is the the real smooth 
function defined by the conditions Ric(w) = u> + iddh^, f x e h "ui n — 1 and Ct is 
a constant implying the normalization f x e~ Vt uj" — 1. We will all ways consider 
the Kahler-Ricci flow equation with such normalization. We remark that to find 
a solution jieP u of the Einstein equation ~Ric(u v ) = lo v , is equivalent to solve 
the equation 

= log -% + tf- ha,. 
U) n 

This is also equivalent to the constant scalar curvature equation Sc^^) = 2n. 
We prove now that the evolving metrics u>t are G-invariant if the initial metric 
lo is G-invariant. Let Dt := A t — 2jj. By deriving respect to a holomorphic 
vector field £ £ 0(Tx)(U) the Kahler-Ricci flow equation iflOjl we find 

n t (Z.<pt) + 2£.<pt = (Tr w - Tr t )(L ( u) + 2£.h u , (11) 

This follows from the formula 

2£. log = Tr* L 5 uh - Tr w L e u. 

ui n 

Let prove this formula. Set f t := u)?/oj n . Then L ? w™ = (£_.ft )ui n + f t L^u n , So 
we get the equalities 

nL t u t Alu?- 1 = K./tK +nf t L i LuAco n -\ 
_ nL^ LU t A to?- 1 nL^ lo A 

LO n LO n 

2e.log^- = 2^ = Tr t L e a; t -Tr w L ?w , 
w n ft 

which proves our formula. Let g C H°(T X ) be the (real) Lie algebra of G. We 
remark that a differential form a is G-invariant if and only if a = for all 
£ £ fj. Moreover the Ricci potential h u of any G-invariant metric w is also 
G-invariant. So by applying 1)1111 with (6 jwe find that the function ft := £.cpt 
is solution of the equation Dt^t = — 2v t with initial data wo = 0. By uniqueness 
of the solutions we get vt = and so the potential ip t is G-invariant for all times t. 



Kahler-Ricci solitons. 

Let lo be a Kahler metric and u £ £(X,M.) be a smooth real valued function. 
Then V w w_i lo = —du ■ J = —idu + idu and L^j^ u lo — <i(V w u_i lo) — 2iddu. 
Let now X be a Fano manifold and lo £ 2-kc\ be a Kahler metric. Then 

lo — Ric(cj) = 2iddu — Ly„ n lo. 

If VcjU £ 0(T X j)(X) then lo is called a Kahler-Ricci soliton. We remind that 
V^'°9m = if and only if the vector field V w it is holomorphic. Sowg 2-kc\ is a 
Kahler-Ricci soliton if and only if the Ricci potential u £ £ (X, M), lo — Ric(w) = 
2iddu satisfies the equation V^'°9u = 0. Let ($>t)t&g. be the 1-parameter Group 
of holomorphic automorphisms of X induced by V w u £ 0{T x )(X). Let Lo t := 
$(CJ = w + iddipt and tit =tio$ t . Then we get the Kahler-Ricci flow equation 

— Lo t — Lo t — Ric(wt) = 2iddu tl with V\ fi du t — 0. 
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Remark 1. If the Futaki invariant /a^ci is zero then all Kahler-Ricci solitons 
are Kahler-Einstein metrics. In fact by definition of the Futaki invariant 



/27r Cl (V w w) = -2 



V w 1i .ULJ n = 




x 



x 



Moreover this formula shows that the existence of a Kahler-Ricci solitons with 
V^u 7^ implies the non existence of Kahler-Einstein metrics. 

Remark 2. Consider again a smooth real valued function u £ £(X,M). Then 
Ljv^u w = d( JV w ti_i w) = since JV w u_i cj = — cj(V w u, </•) = — ciu. Let now 
X be a Fano manifold. For any Kahler metric u and any smooth real vector field 
£ £ £{T X ){X) such that Lj^lu — there exist a smooth real valued function 
u £ £(X,WL) such that £ = V u u. In fact consider the decomposition £ = £' + £", 
with £" = € £(T°;i)(X). Then 

= Lj£U = d(Jf_iw) = id(£'_iw) -id(f"_iu>) = 0(£'_iu;) - 0(f"_iu;), 

since 9(£' _i w) = and 9(£" _i oS) — by decomposition of the degree. We 
deduce also the equality <9(£' _i u>) = d(£" _i w). The fact that X is Fano 
and the equality <9(£' jw) = implient the existence of u € C) such 

that £' _i u> — idu and by conjugation £" _i = —idu. Then the equality 
9(£'_i oj) = S(£"_i w) implies idd(u — u) = 0, which means that the function u 
can be chosen with real values. 

Remark 3. Let (X, w) be a compact Kahler manifold such that — Ric(w) = 
L^(x>, for some smooth real vector field £ £ £(T X ){X). So L^w = c£(£ _i w) is 
a real d-exact (1, l)-form. By Hodge Theory there exist u £ £(X,M) such that 
L^uj = iddu. So we deduce that X is a Fano manifold and to £ 2%ci. Using 
remark 2 we find that a Kahler metric u over a compact Kahler manifold X is 
a Kahler-Ricci soliton if and only if there exist a real holomorphic vector field 
£ £ 0(T x )(X) such that w — Ric(w) = L^ui and Lj^uj = 0. Moreover the 
holomorphic vector field £ is uniquely determined by the metric oj, since it is 
uniquely determined by the Ricci potential of u>. 

Perelman's uniform estimates for the Kahler-Ricci flow. 

We have the following fundamental result due to Perelman. 

Theorem 2 (Perelman) Over a Fano manifold X of complex dimension n, 
the Kahler-Ricci flow 4zijJt = tot — Rict = iddipt satisfies the uniform estimates 
\tpt\, |Vt¥>t|t, |A t iyj t |, Dianii(X), Set < C, where the Ricci potential (ft is nor- 
malized by the condition f x e~ tpt w^ = 1. 

Set u t :— (ft, at ■— Ct- Then time deriving the Kahler-Ricci flow equation tflTlfl - 
we find the identity 



The first step in proving Perelman's theorem consist in showing the boundedness 
of the constant a t . We give a proof here. By deriving the integral normalization 



2ut — 2at- 



(12) 
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ix e ~ Ut < 



= 1 and using the equation Ill2t , we find the equalities 
d 



= 



dt 



-u t , ,n j_ 



A t u t e- Ut LJ r t 



x 



-a t j e~»*u? - j 



x 



x 



X 



which implient 



at 



x x 

where (ut)+ := max{w t ,0}. The fact that the function f(x) :— —xe~ x is 
bounded over the interval [0, +oo) implies the uniform estimate a t > — C, We 
prove now the upper bound of at. Perelman show this by using the monotonicity 
of his n functional along the Kahler-Ricci flow. We realize that the the upper 
bound of at follows in a classical way by using the generalized Bochner-Kodaira 
Formula. In fact using the Kahler-Ricci flow identity 112t and the identity 
A t e- Ut = (2|<9u t | t 2 - A t u t )e- Ut , we find 



-at 



u t - u t (lit - A t u t /2) 



-u t n 



u t - u t (u t + at) 



x 



X 



A — Ut 71 i l — Ut 71 i ! 2 — Ut TL , 

A t u t e *u t + + u t e t uj t + a t — + u t e oj t + a t 
xx x 



\du t \ 2 t e-^u? 



ufe~ Ut LU? + a? 



x 



X 



By the Poincarre type inequality in the Fano case we deduce — at > 0. This 
implies the upper bound of the normalizing constants at . Consider now Perel- 
man 's functional 



W(coJ,t) := (47r Cl r)- 



r(\V u f\l + Sc w )+/-2r 



e- f uj n . 



x 



Using the identity A t u t = 2n — Sc t we get 

1 



W t :=W(wt,«t,l/2) = 



x 



t 

x 

1 

X 



(|V t «t|t +Sct) +u t ~2r 



(|V t u t \ 2 t - A t u t ) + u t 



A t e" 



-a t ~n. 



So we find the inequality Wt — —dt > 0. Suppose now that Wt = for some 
time t. Then we get the equality case in the Poincarre inequality 

J \W t 0t\ 2 t e-^ = 2 J 6 2 e- u *w?, 
x x 
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with 9t := Ut — f x u t e~ Ut u>™ — Ut + a t . The variational characterization of 
the first non zero eigenvalue Ai(A t ) of the generalized Laplacian A t := A f: _„ t 
implies 2 > Ai(A t ). By the other hand the generalized Bochner-Kodaira formula 
implies Ai(A t ) > 2. So Ai(A t ) = 2 and A t u t + 2(u t + a t ) = 0. By plugging this 
in to the generalized Bochner-Kodaira formula we get 

J \B Vi'°t*t|? e- ut ^" = - / (dA t u t ,du) t e -«« w ? - / |V t u t \\ e~^uj n t = . 

XXX 

So u>t is a Kahler-Ricci soliton and this will hold for all times. We have prove 
in conclusion the nronosition ll.il 

The generalized functionals by Aubin. 

The generalized functionals I u , J u : V u — > [0, +oo) by Aubin, |Aubl| are defined 
by the formulas 



x k=0 x 

n— 1 i, | i r 



fc=o x 



We have the obvious inequalities, < I w < (n + 1) J u . 

The K-energy functional of the anticanonical class 2ttci. We remind 
that the Einstein equation Ric(o7 v ) = ui v , is equivalent to the constant scalar 
curvature equation Sc^^) = 2n. This last equation is the Euler-Lagrange equa- 
tion of Mabuchi's |Mab[ K-energy functional v u : — > R 

x k=0 x x 

In fact for every C°° path (<^t)te(-e,e) C we have the identity 

J t v ^t) = -^&(Sc(w t ) - 2n)< , (13) 



where y>t := an d w t := ^-Vt- We remark that under the Kahler-Ricci flow 
we have the identity Sc(cJt) = 2n — A Wt ip t . Then using the identity l(T3"j) we 
deduce the inequality 

(</>*) = 2 _1 ^tA Wt ^ t w™ = -njidtptAdtptAuj?- 1 < 0, 

which shows that the K-energy decreases under the Kahler-Ricci flow. We re- 
mind also the following Tian's [TiaJ fundamental result. 
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Theorem 3 (Tian's G-properness) Let X be a Fano manifold admitting a 
G-invariant Kahler- Einstein metric uj G 2hc\ . Then there exists two constants 
S > 0, C > such that the inequality v&{(p) > Jc((p) s — C hold for all G- 
invariant potentials ip <E Vq . 

By using the cocycle condition we deduce that for all G-invariant Kahler metrics 
uu € 2-kc\ there exist an increasing function [i : R — > [c, +oo), with lim t ^ +oc ^i(t) 
= +oo such that v^{(p) > ^(J^ (</?)) for all G-invariant potentials (p £V U . 



5 Tian-Zhu's C°-uniform estimate 

We start by proving the following elementary lemma 

Lemma 5 Let (X,uj) be a polarized Fano manifold with u> € 2ttci, let (u>t)t be a 
Kcihler-Ricci flow and let and G be a compact maximal subgroup of the identity 
component of the group of automorphisms of X . 

A) . Suppose there exist a constant k > such that ui™ > kuj n for all times t > 0. 
Then the Aubin's Functional J u is uniformly bounded along this Kahler-Ricci 
flow. 

B) . Suppose X admits a G-invariant Kahler- Einstein metric. Then the Kahler- 
Ricci flow with G-invariant initial metric u> satisfies the uniform estimate > 
ku> n , k > for all times t>0. 

So part B of this lemma prove one implication in theorem 1. 

Proof. Set (pt := (fit + Ct. By writing the Kahler-Ricci flow equation under 
the form 

(p t =(p t - log + ha, , 

using the Perelman's uniform estimate \<pt\ < C and the inequality > kuj n 
we find the uniform estimate (p t < C — log k + h u . Reminding the expression of 
the K-energy functional we deduce the identity along the Kahler-Ricci flow 

M<Pt) = j ' + J^ift) - j ' Vt^ n + j Kto n . (14) 

X XX 

Then using; the fact that the K-energy functional is nonincreasing along the 
Kahler-Ricci flow, the inequality —f x ^ < (which follows from the integral 
normalization of (pt) and the previous estimate ipt < G, we deduce the uniform 
estimate 

0< J^t) = u u (<p t ) - i ' (p t uj? +j<PtU n ~jh u u n < u u (<p ) + C. 

XXX 

We prove now part B. The existence of a G-invariant Kahler-Einstein metric 
implies the G-properness of the K-energy functional. Then using the fact that 
the K-energy functional is nonincreasing along the Kahler-Ricci flow we deduce 
that the energy functional J u is bounded along the Kahler-Ricci flow (u>t)t 
with G-invariant initial metric u). Then the identity ll"14t combined with the 
fact that the K-energy functional is bounded from below implies the uniform 
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estimate f x (fit u) n < C. By the properties of the Green function we deduce the 
inequality 

(fit <jfi t u n + C'<C. 
X 

This uniform estimate is equivalent to the uniform estimate w™ > fcw™ by means 
of the Kahler-Ricci flow equation and Perelman's uniform estimate \<pt\ < C. □ 
We remind now the following result |Ti-Zhj . 

Proposition 5.1 Let (X,u>) be a compact Kahler manifold of complex dimen- 
sion n, let if £ Vuj and f := Lu™/uj n . Then for all e € (0, £q], S € (0,<5o] there 
exists constants C, C" > depending only on oj, Eq, Sq such that 

( 1 \ n+S 

OscM<C7(^-J \\f\\Us (x , u) +C. 

Proposition 5.2 Let (X, u>) be a polarized Fano manifold with u £ 2ttc\ and 
let (u>t)t be a Kahler-Ricci flow admiting a constant k > such that lu" > ku) n 
for all times t > 0. Then this Kahler-Ricci flow satisfies the uniform estimate 
\ft + Ct\ < Kq, for some constant Kq > independent oft>0. 



Proof. The argument here is the same as in |Ti-Zh| . We start proving the 
uniform estimate | maxx (p t \ < C for all t > 0. We first remark that if a real 
function u satisfies the integral equality J x (^ u — l)w" = then maxjsf u > 0. 
In fact if not > maxx u > u and this implies e~ u > 1, which contradict the 
integral equality. By definition of Kahler-Ricci flow we have the integral identity 

'< j , 

v 



for all t € [0, +oo). Then applying the previous remark with u := tpt — h, we 
find the inequality maxjc(ft — ft) > 0, which gives the estimate maxx <pt > 
— C. Moreover the argument in the proof of A of lemma implies (fit < C. 
The equality ltl5ll implies that the function h — (fit change signs and so we 
get \\h- (fit\\c°(X) < Osc(ft - fit), which implies \\fit\\c°(x) < Osc(ft) + C. By 
proDosition l5.il we need to prove a uniform bound for the integral e^^ 1+£ ^ t ui n 
for some e > 0. Set 9 t := maxx (p t — (ft > 0. Then 

e -{l+e)$ tu) n _ e eBt-emax.$t-<Pt w n < Ce e6t ~ 0t ljJ n < C'e e9t UJ~? . 

The last inequality follows from the Kahler-Ricci flow equation and Perelman's 
uniform estimate \(fit\ < C, So it is sufficient to prove an uniform bound for the 
integral J x e e6t u)™. In order to prove this we consider the classic inequality 

< I u (tpt) =jfi t (w n - w?) < (n + 1)JM < C , 
x 

where C > is the uniform constant provided by lemma We deduce 

-j fit ojI 1 <C-jfi> t u n < 2C. 

X X 
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The last inequality follows from the estimate f x e Vt u) n < C that we get from 
the identity 11511 . So we have obtain the uniform estimate 



fo t u%<C (16) 



< 

x 

For all integers p > 1 we have the equalities 

% (w? - col 1 ' 1 Auj) = - J 0P idde t A ul 1 - 1 

x 

A" 

x 

Ap t p±1 - P+ 1 



(p + 1) 



5 , i00 t 2 A <96> 4 2 A LJ t 

Ap 



n-l 



n(p + 1 



\d0t V \t^ 



j2 y i t " / t it 



This implies the inequality 



i^i^r<^^ (17. 



Ap 

x x 

Remember now the Kahler-Ricci flow identity iddip t — ut — Ric(w t ). Then as in 

|Ti-Zh| by applying the Poincarre type inequality (corollary |HJ to the function 

p+i 

9 t 2 , with metric cot and h — —tpt, we deduce 

2 



2 e -<Pt, ,,n 



A' 



By applying the Holder inequality to the last therm, using Perelman uniform 
estimate \tpt\ < C and the inequality itTTjl we deduce 

r + V^ t " < CpJ e p t ^ + c J Q\e-^<4- J 9 t e~^. 

A AAA 

Using again the estimate \ip t \ < C and the estimate (fl6l) we find 

A A 

By iteration j x 6 p t uj^ < C p p\. Thus 



A P=° A P=° 

So we choose < e < 1/C. □ 
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6 The Yau's C 2 and Calabi's C 3 uniform esti- 
mates for the Kahler-Ricci flow 

We start with some notations and definitions. Let (X, w) be a Kahler manifold 
of complex dimension n. Consider the function \f : X — > M defined by the 
formula 

X£(x):= min C% ,(£, OlClj 2 - 

So A" (a;) is the smallest eigenvalue of the Chern Curvature form T (x). It is 
well known (see jKatj . chap II, sec 5.1, theorem 5.1, pag 107) that the function 
A" is continuous. In order to simplify the notations we will use Einstein conven- 
tion on sums. Moreover we will note by Tr v the trace operator corresponding 
to the metric uo v . With such notations we have the following proposition which 
is obtained by some computations in |Ya,uj . 

Proposition 6.1 Let (X,w) be a Kahler manifold of complex dimension n. 
Then for every potential tp £ Vu> for the Kahler metric u> we have the intrinsic 
inequality 

2\dA u u>\l 

2 Tr w Bbc{w v ) > - A v A u p + 4A? (2n + A^ip) Tv v uj - ' 



2n + A^ip 



Proof. Let (zi,...,z n ) be w-geodesic holomorphic coordinates with center a 
point x such that the metric u v can be written in diagonal form in x. Explicitly 

uj = iu>i t f dzi A dz r and lj v = §(w y );,f dz\ A dz r , with 

Wi,r = <S;,r - C 3 r fzjZ k + 0(\z\ 3 ), 

d 

C UJ {T XJ ){x) = Cff {dzj A dz k ) <g> dz r ® 7 — , 
C x j (x) = C 3 r 'f dzj ® dzi <g> dzk <8> dz r , 



rii- k — r< k 'i — r< r < k — ni> 1 

K)i, f = 5i,r + %<Pi,f + 0(\z\), 2c# )f (0) = 2Si t r<p lt i(0) > -1, 

where tp^? '■= q Zi q s ■ In particular we deduce the following expressions for the 
inverse matrixs 

u l > f = k,r + Ctj Zj z k + 0(\z\% (wj'f = + 0(\z\). 

Moreover we deduce the local expressions 

A u <p = 4u l ' f Vr j = Aivu+CtfiPrjZjZk) + 0(\z\ 3 ), 
A v u = A(co v )^u rJ = T ^g- + 0(1*1) 

for every smooth function u. Using this two expressions we find the equality at 
the point x 

4 2 ,r 4 2 ,r 
A^A^p = — — {Pij.k.k + C r ',k<Pr,k) = T— o (<Pl,T,k,k + C k\kVk,k) ■ ( 18 ) 
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Using the expression (01 of the coefficients of the curvature form respect to the 
complex frame := (d/dz k ), we find the following local expression for the 
Ricci tensor 



Ric(cj) = — \iddu>i^ — idu>i^ s ^> s ' A du^f)^ 

All the computations that will follow are refereed to the point x. Expanding 
the analogue expression for Ric(w v ) we get the equality. 

Ric(w v ) = (iC r> i - 2iddtpi,r + iidipi^u^ 1 A dip t ^uj r /. 

Taking the trace respect to w of the Ricci tensor Ric(w v ) we find the expression 



Tr^Ric^) = 4(6^ -2ip kj fj. iltf + 4ip k ,i tS w^ ip k ^ f ju;^ 

A ( n k-k r, , 4l Pk,l,s<Pk,sj\ 1 

= 4 ( C M - 2( fik,k,l,l 



1 + 2<p s<s J 1 + 2ip 



u 



Using the symmetry C ; \ = C k k € K and the identity ijlSj) we find the equality 
Tr. RacK) = --A y A^ + ^y^j + (1 - ^ g)(1 - ^ ■ (19) 

The inequality c£J. = ® ^ ® ^){x) > Xf(x), implies the in- 

equality 

~ :!J ' " " >2\?(2n + A u <p)Tt v u(x). 



4C; 



fe.fe 



i + 2^,r 

Then the conclusion of the proof of the proposition will follows from the in- 
equality 



16<Pk,l,s <Pk, s ,l 



> 



(l + 2tp, lS )(l + 2<p l j) " 2n + A u <p 
Let prove this inequality. We have 



(20) 



\dA^\l = 2 J £cj% l d l A u vd- k A u( p=Y, J 

k.l 



3,3 Vl,h,k 



1,1 



El 



2-4 2 



2<p, 



l,l 



y j¥m y/r+2^ 



yr+2^ 



Applying the Cauchy-Schwartz inequality to the norm, we find the inequality 



<- Ei^ EiX 



16|^,i,il 2 



(2n+A ^5(r + 2^) ( i + 2m ) 



< (2n + A^)^- 



^ (l+2Vij)(H-2^,r) 
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which conclude the proof of the inequality (I2()|l . 



□ 



We will note by uj* and uj* v the corresponding dual elements of uj and uj v . Let 
h* and /i* the corresponding hermitian metrics over the complex vector bundle 

T* i . In local complex coordinates we have the expressions uj* — 2i uj lk -^- A 

and h* — 4 uj lk <g> . We remind also that if ( V, J) is a complex vector space 
equipped with a hermitian metric h then the corresponding hermitian metric 
h c over the complexified vector space (V ® K C, i) is defined by the formula 

2h c {v, w) := h(v,w) + h(v, w), v, w £ V 8>„ C, 

where we still note by /i the C-linear extension of h. Consider now the complex 
vector bundles F := A^' T*, E := F® ® F and the hermitian vector bundles 

(E,(; -)J := (F,h*)®(F,h*)®(F,h*) 
(E,{;-) v ) := (F, /i* ) ® (F, /i* ) ® (F, /i* ) 

(^,(vL, v ) := (W®cf,/i*)®(F,/i;) 

For example the last two hermitian metrics are expressed in local coordinates 
by the expressions 

( a >P)u:,<p = 2^ 3 h*(dz p ,dz q )h* v (dz J ,dzi)h* v (dz kl dz m )a pj j c l3 q i r n 

(a,0) ViU = 2^fJ^a m 0^~ 

where a = a p: jj,dz p ®dzj®dzk and (3 — fl p jj : dz p ®dzj®dzk- With such notations 
we can state the following lemma (see also |Ya,u| l that we will prove at the end 
of the section. 

Lemma 6 Let (X, uj) be a polarized Fano manifold of complex dimension n 
with uj G 2ttc\ and let {uJt)t be the Kahler-Ricci flow. Suppose that there exist 
constants k, K > such that k~ x uj < uj t < Kuj for all times t > 0. Then there 
exist constants Ci, C% > depending only on the constants k, K and uj, such 
that the uniform estimate 

□ t |Vi'°d^ t |? > -C^fddytft - C 2 
holds for every t > 0. 

By using Perelman's uniform estimate \ipt\ < C and a slight modification of 
Yau's computation of the C 2 and C 3 uniform estimates for the complex Monge- 
Ampere operator (see also [CaoJ), we find the following result. 

Proposition 6.2 Let X be a Fano manifold of complex dimension n > 2 and 
let uj S 2ttc\(X) be a Kahler metric. If the Kahler-Ricci flow 

<Pt = log — + ft + <k ~ K , 
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satisfies the uniform estimate > Kq lu" for some constant Kq > indepen- 
dent of t e [0, +00), then there exist positive constants k$, K, K' > indepen- 
dents of t £ [0, +00), such that the uniform estimates < 2n + A u ipt < K, 
\ddipt\u < {K + 2^/n)/2, k^u < w t < (K/2)u> and \Vt] dd(p t \ u < K' holds for 
all t £ [0, +00). 

(The C 2 -uniform estimate is obvious in the case n = 1.) 

Proof. We define the operator Dt := At — 2 A, Consider the smooth func- 
tion A := log(2n + A u ip t ) — + c t) over X x [0, +00), where the constant k 
will be chosed later. We have the equality 



2n + A UJ tp t {2n + A UJ ip t y 



= - - ,oJ r"\ 2 - + 2^. (21) 



Set C := min^gx A" (a;). Using the proposition Ifi. II and the fact that Tr v w > 
we find the inequality 



2 Tr w Ric(w ¥3 ) > - A v + 4C(2n + A w <rf Tr v u 



2|5A^ 



2n + A u ip 

which combined with the equality 1I2TI) gives 
n a ^ „ A w <£ t + Tr w Ric(w t ) 

□ t A>-2 h 4(7 Tr t w - kUtift + 2fca t , (22) 

2n + A w <p t 

where Tr t w is the trace of ui respect to the metric ujf Taking the trace of 
the Kahler-Ricci flow identity idd<pt = u>t — Ric(w t ) respect to ui, we find the 
equality 

A w t = 2n + A a ,<^ t -Tr w Ric(a;t). (23) 

Moreover concerning the term □tyt, we remark the trivial identity A t ifit — 
— Tr t co + 2n. Using this identity with the equality i'2?>\) in the inequality (12211 . 
we find 

D t A> -2 + (4(7 + k) Tr t w + 2k(<p t -n + a t ). (24) 

Consider now the trivial inequality Ym=i bi . ■ - h . . . b„ < (Y^i—i bi) 71 ' 1 f° r anv 
positive number 6/. Taking the l/(n — l)-th power of this inequality with the 
terms 

bi := 1/(1 + 2d?r<pt) we find, in w-orthogonal and wt-diagonal coordinates in a 
point x, the expressions 

Tr t c_ v 1 (^{1 + 20}^)^ 

4 4^ 1 + 2d 2 



a 

= if„e ~ (2n + A u ^)- 



where -ftT„ := 2 > 0. We choose k such that (4C + fc) = 4 1 and we consider 
the function u := e A = (2n + A u ift)e~ k ^ Vt+Ct ' . Then the previous inequality 
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combined with the Perelman uniform estimate \tfit\ < C and with the estimate 
\ipt + Ct\<C, gives 

Tr f LU (l + fc)(y f + c t )-h-y t 1 1 

> -K»e «-i u-- 1 > Coil"- 1 

for some constant Co > independent of t. Then the inequality 112411 reduces to 
the inequality 

U t A> -Ci +C u^, (25) 

with Co, C\ > 0. For all T > 0, a point (xo,to) is a maximum point for 
A in X x [0, T] if and only if is also a maximum point for u in X x [0, T]. 
If t = then u < C 2 over X x [0,T], with C 2 > independent of T. If 
not w(a;0)*o) > and A t A(xo,to) < 0. Using the inequality l(25)) we find 
u{xo,to) < C3, where the constant C3 > is independent of T. This implies the 
estimate u < max{C2, C3} on X x [0, +00). So in conclusion we have found the 
required a priori estimate < 2n + A u ip t < K . Moreover 2|w t | w < Tr w uj t , since 
u>t > 0. This implies the required a priori estimate \ddipt\u < [K + 2y/n)/2. 
The inequality < 2 + Adrift < 2n + A^ipt < K implies w t < [K/2)w. By 
using the hypothesis we find 

K < w?/uj n = JJ (1 + 2dl<pt) < {K/2Y- 1 (1 + 2d 2 sm ) , 
1 

for all s, which implies k^ 1 ^ < uj t for some uniform constant k > 0. Then by 
lemma El we deduce the estimate 

Ut^fdB^ > -CxWddtptW - C 2 . (26) 

The equality iflflll proved in the nronosition 16. II gives the intrinsic identity 

2Tr w Ric(«v) = -A v A u <p + 2 Tr^ • RmJ + 4|Vi'°00¥>|* lV > 

where 2Tr v (u v ■ Rm w ) > 4A^(2n + A u tp) Tt^lu > -C 3 , with C 3 > 0. So using 
the identity we deduce the inequality 

□ t A^ t > (4/fco)|Vi'°0fy>t|? - C4, 
C 4 > 0. By taking C 5 := fc (Ci + l)/4 > we deduce by the estimate 

□ t (iv^aa^l? + c 5 A^ t ) > |vi'°0^tl? - c 6 , (27) 

C6 > 0. For all T > consider a maximum point (xo,*o) for the function 
B := \Vfj°ddtpt\t + C^A^ipt over X x [0,T]. As before we can assume t > 0, 
which implies D t B(xo,t ) < 0. Then the estimate ffijl implies the inequal- 
ity B(xo,to) < Cq + C5 A u (/j to (xo) < C7, for some constant C7 > indepen- 
dent of T. We deduce in conclusion the required third order uniform estimate 
\Vlj ddiptfi < K' 1 since the metrics u>t are uniformly equivalent to the initial 
metric uj. □ 

Proof of lemma |6j In order to avoid confusion with notations in the compu- 
tations that will follow we will note ip := ip t and iv v := u> t . This will apply until 
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equality H29I1 , According to lemmaEllet consider {z\, z n ) be w-geodesic holo- 
morphic coordinates of third order, with center a point x such that the metric 
(jJ v can be written in diagonal form in x. Explicitly u> = \u>if dzi A dz r , where 



wjf = Si r - C^ZjZk - Cfj! ZpZjZk - C^ k z k z p Zj + 0(\z\ 4 ), 



2Rjkir( x ) — C 3 rl , 2Vp °Rjkif ( x ) — Cff , 2Wp' Rj klf (x) — CPf , 
r<jk _ r< k i r<jk _ fiik _ /-ijf 

and the coefficients Cf^' are symmetric respect to the indexes p, j, I and k, r. 
We define a; := w". By deriving the Ricci tensor Ric(cj v ) = Ric^a^,)^ dzj Adzk, 

Ric(^)jfe = ~i(d^uj p r + 2(p Jp - kf )uj r v p + i(djuj ps + 2Lp ]pS )^{d- k uj tf + 2ip tfl )u) r v, 
we find at the point x the expression 



Vi , °Ric(cJ ¥3 ) i fc = ia p (C% - 2ip jtppk ) + 4ia p aiip tJpI ip lpi 



pk 



CI Al A2 

+ 2ia p a l \(Cff + 2ip JpM )tp tlp + (2tp tlpk - C$)<p jp j 

C2 A3 A4 C3 

- 8ia p ai a r { <p jpf <p tr m P k + fjpWt r&Pwk)- ( 28 ) 

A5 A6 



The utility of the underbraces will be discussed later. Consider now the tensor 

x pkl' 



Vlj°ddip = a k idz p ® (dzk A dzi), where 



and the derivative of its norm 

8 P \ V'fdB^l = 2 3 d p u$J° Jg a tfk c^+2 3 w'fe u| a tfk 
+ 2 3 u s J J* d p uj kf a tfk + 2 3 J* u k J d p a tfk 
+ 2 3 uj^j3u k Ja tfk d p a^ 

By using the expressions of the derivatives 

d P a t jk = Pptjk ~ d tp Uja uj ab (p bk - d t ujja d p io ab <p bk - d t ui jn u ab ip bpk 
d p a^ = (p prS i - dl- s uj al uj ba ip rh - d s uj al d p u ba ip rh - d s uJ a juj b > a ip prh , 

we find the the following expression for the Laplacian at the point x. 

A^fddcpll = 2 5 uf[dl^J^l r VtjWr , l 

+ dp uj s J d q w 1 * u kr ip tjk ip r - sl + dp uj s J ufy d q u kr Lp tfk if rA 

+ dp w'fj} W*(<Ptjqk + C aj Vak) Wsi 

+ dp 4 u kr ip tjk ip rsIp + dq w** dp uj l j u% ip tfk ip rsl 

+ ^ dpq ^ w£f <Ptjk VriT + dp J* dq u k J tp tfk ip rsl 
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+ CJ s Jd p 4 W k ; (v m - k + C* Vsk ) <Pr S l 

+ u* d p J* w kf <p tjk <p rsI(j + dg uj s J J* dp u kT <p tjk ip rsl 

+ u* d q J* dp uj kf <p tfk ip rsl + uj s J J* d 2 pq uj kf <p tfk ip rsl 
+ dp u> kf (<p tfkq + Cl)w sk )v r si + u^Jjdp u> kf v tj - k v r s Ig 

+ dg uj s / a 1 ,} uj kr ip ptjk ip rsI + uj s / dg J> u kr ip ptfk ip r7sI 

+ u% u% dg uj kr ip ptjk ip r7sl 

+ u kf (v p tf kq - + C)f Vak + Cl] Vapk ) Vr - sl 

+ ^dgj^ k ;^ tfk (v pr - d + c*<p rs ) 

+ U,*U>$ J% (<p tfk g + C% Vak ) (<p pr ,i + C\l Vr - a ) 



Then using the expressions dju s 



-2a s a t <p s ft and 



St 



a s a t 



C ts - 2l Pksli + 4 «r {<p k sf¥>rli + VkriPsff) 



at the point x of the derivatives of the inverse matrixs we find the following 
expression for the Laplacian at the point x. 

A^|Vi'°c>^ = 2 5 a p a taj a k { 

ai[Aa r ((p p irip rp i + Vprmpf)- 2ip p ipt + C^]ip tj kip k ji 

Bid 

+ 4aia r (ip kfmp] + <Pifj<PkpT)<P P ri < Ptjk 



Ah 



Bid 



2a i( t Pt J pk +C% L Pkk) L Ppii<p k r - <la i L Pkr p L PpiiVt ] k 



A1 



Bib 



+ Aaia r (p p ij(p tjk (p kf i(p rp i 



Blc 

+ ai[4:a r (ippifip. 



rpj 



+ VprjVlpf) - 2if p i p] + Cf]ip tfk tp kri 



+ 4aia r (ip pl j<p kp f + ipp k f<Pipj)ip tjk tp r ti 

A6 AE 

- 2 ai{Vtjpk +C t k j l Pkk) l Pprj l P k ii - 2 ai<Pktip<P P ij<Ptjk 



AA 



Bla 



+ 4aia r ipp k f(p tjk ip r it(fii 



pj 



A6 



+ ai [4a r {<Pp k f<Prpl + PprTVkpf) - 2 <P P kpl + C ik\ Vtfk <Plij 



Bla 
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v v ' s v ' 

B2 A2 

- 2a l<Pptjk l Plpt<Pk3l ~ 2a l<P P tjk<Plp3 l Pkfi ~ ZaWptjkVkpmtJ 

S v ' V v ' V v ' 

Bl A1 Bl 

+ (Vptjkp +^ t rj l Prpk + C^-jf V kk) '<P ktj + VptjkPkptj 
Al ci Bl 

- ZaiitPpkB + cl jk l Pkk) l Ptfk<Pipt 

A3 

~ ZMVpkil + C lk t Pkk) l Ptjk l Plpj 
A3 

V v ' 

B2a 

+ {ftjpk + Ckj<Pkk)(<P P kt] + C jkVkk) 

" V ' 

B2 

+ {tPpkFip + CjrVkrp + C*l P ifikk^tjk } 
AT CI 

We explain now the meaning of the underbraces. Set a p tjk '■= a p ata,jak and 



Bl := 2 5 a pt jkBig{ ip ptjk - 2^a; ( 



PptlVljk + VplWtjl) 



[conjugate] | 



> 



B2 := 2' 



' a ptjk{ ( 



Vtjpi + c % fkk -' z 2^ a WtjVPipk ) x 
i 



(conjugate) I 



> 0. 



Then the underbraced terms in the previous expression of the Laplacian corre- 
sponds to the terms A*,C* of the expression 12811 of the covariant derivative 
of the Ricci tensor and the terms B* just defined. To be more precise to see 
those correspondences we need to make the following change of indexes of the 
underbraced terms of the Laplacian. 



A3 (l,p) - (p,l) 

A4 (t,j,k,l,p) -> (k,p,l,j,t,) 

A5 (l,r) -») 

A6 (r,l,t,j) -> (Z,r,j,i) 

Bib (t,Z) -> (Z,i) 

Bid (t,r,Z) -> (Z,i,r) 



Using the expression of the Ricci tensor at the point x 

mc{uj v )f k = ~ia p (C 3 p l + 2 Vjpkp ) + 4ia p a t f jP mpk . 



A2 


(k,l,p,t) -► ( 


A3 


(k,l,p,t,j) -> 


A4 


- (7,0 


A5 


(k,l,p,j,t,r) - 


A6 


(k,j,r,t,l) -> 


Bla 


(t,j,p,l) -> (i 


Blc 


(j,l,t,p) -> (I 


B2a 


(l,k) - (fc,Z) 



and the expression l|28j) of the covariant derivative of the Ricci tensor at the 
point x we find the expression 



-2 5 iait jk Ric(w ¥ ,); t - ip k]I + Ric(u v ) fj tp^ + Ric(u v ) kl (p irj 



Vtfk 
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me 



i <Vi'° Ric(av), ^fdBip)^ + 2i <Tr v Vi> /k, V^ddp) 



2 a p tjk 23?e 



ai { Cfp iptip - Cli <p jp [ J (fkTj - zaiUj^ ip k - k ip p it ip kI] 

C2 C3 



51 + 52. 



(29) 



where 5ie is the real part of a complex number and 

(Ti V VyX)(£,77, M ) := Tr v [V^°iU»7,/V,0] = Ti>[V^(-, •, 77, M )] , 

for all ^, 77 e T^'j, /i € From now on we reconsider our original notations 

(ft = (fi and w t = aj v . Using the fact that the inverse matrix [w t ' )k,i evolves by 
the formula ^ 

— w t fc ' = - Jl ,X + 2uj^ 3 R^ p {t) uj p / , 
where Ric(w t ) = iRj^it) dzj A dz p , we find at the point x the expression 



= -SlV^ddcpttf + 2 4 a pl]k [R lp (t) <p k - jT +R fj (t) <p kh 

+ R k i(t) <P W j\ f P fk + 25Re (V l fddy t ,V l fddvt) t ■ (30) 



Using the expression l|29H and the fact that all the metrics u>t are uniformly 
equivalents to the initial metric u>, we obtain the inequality 



A t \V L fdd<p t \t > 2 d a ptjk Rip(t) ip kTl + %(t) <p kIp + R k f(t) <p lpj 



Vpfk 



(31) 



where C%, C 2 > are two constants independents of i. By deriving the Kahler- 
Ricci flow identity iddtpt — ui t — Ric(w t ), we find the equality 

iV]fddy t = i^fdd^t - Vi'° Ric(w t ), 

which combined with the relations ((HS} and l(3"T)) gives the uniform estimate 

n t \vl> d3ip t \ 2 t > (2 - c^fddip^ - c'^fddtptU > -divi' ^!? - c 2 . 

for some uniform constant C2 > sufficiently big. □ 



7 The existence of a Kahler-Einstein metric 

We remind that the uniform estimate w™ > koj n is equivalent to the uniform 
estimate ipt + Ct < C Then the identity El implies that the K-energy is also 
uniformly bounded from below along the flow, thus the limit lim t ^ +oc v u (ipt) is 
finite. We remind also that along the Kahler-Ricci flow we have the identity 

X 
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So for all increasing sequences of times (r^) C [0, +00), Tk — > +00 there exist a 
sequence (ifc) , i fc € [r fc ,T fc+ i] such that 

lim l\d&Mul=Q. (32) 

/c — >+oo / 
X 

Moreover the C 2 and C 3 -uniform estimates \ddipt\c°(X)i \^b°9dipt\c°(x) < C 
implient that the (1, l)-formes {ddipt)t£[o,+oo) are uniformly bounded in the 
C Q (A)-topology. The operator A t is uniformly elliptic with coefficients uni- 
formly bounded in C a -norm, at least. The right hand side of the equation 

CCD 

□ t (£.pt) + 2f.pt = (Tr a ,-Tr i )(L e w) + 2e^, 

f € £(Tx)(U), is also uniformly bounded in C Q -norm, at least. By the regularity 
theory for parabolic equations |Ladj we deduce that the functions (C-^t)te[o,+oo) 
are uniformly bounded in C 2 '"-norm. Then the C°-uniform estimate \ipt + c t \ < 
C implies the existence of a subsequence (sk) of (tk) such that the sequences 
(ip Sk +c Sk ), (dips k ), (dd(p Sk ) and (Vlj dd(p Sk ) convergent uniformly respectively 
to ifioo, dipoo, ddtpoo, and V^ddipoc. The uniform estimate uj^/uf 1 > Kq > 
gives uj^^/lu" 1 > Kq > 0, which implies iddifoo > —uj. Moreover we deduce the 
existence of the limits 

ip : = lim (f Sk = log — + ipoo - h w 

fc^ + oo UJ 

and dip — lim^^ +00 dub Sk in the topology of the uniform convergence at least. 
Then the limit ll3"2l) implies 

X X 

which means ip — 0, by the integral normalization of (fit. So we have a solution 
Voo € V^' a of the elliptic non-linear equation 

F{ipoo) := log f- + ifioo - fro = 0. 

The ellipticity follows from the fact that iddifoo > —uj and the expression of the 
differential d Vaa F(v) = 2~ 1 A iPoo v+v. By Schauder elliptic regularity (see [AubJ, 
Th. 3.56, pag. 86) we deduce that the solution ud^ is smooth. In conclusion we 
have solve the Einstein equation Ric^^ ) = u> Voo . Clearly the Einstein metric 
w Vcc is G- invariant if the initial metric uj of the Kahler-Ricci flow is G- invariant. 
□ 

References 

[Aub] Aubin, T. Nonlinear Analysis on Manifolds. Monge- Ampere equa- 
tions, Springer- Verlag, Berlin-New York, 1982. 

[Aubl] Aubin, T. Reduction du cas positif de Pequation de Monge- Ampere 
sur les varietes Kahleriennes compactes a la demonstration d'une ine- 
galite, J. Funct. Anal., 57, 1984, 143-153. 



26 



[Dem] 



DEMAILLY, J.P. Complex analytic and differential geometry, available 
at: 



http: / /www-fourier.ujf-grenoble.fr 



[Cao] Cao, H.D. Deformation of Kahler metrics to Kahler-Einstein metrics 
on compact Kahler manifolds. Invent. Math., 81, 1985, 359-372. 

[Fu] Futaki, A. Kahler-Einstein metrics and Integral Invariants, Lecture 
Notes in Mathematics, 1314. Springer- Verlag, Berlin, 1988, 437-443. 

[Mab] Mabuchi, T. K-energy maps integrating Futaki invariants, Tohoku 
Math. Journ. 38, 1986, 575-593. 

[Se-Ti] Sesum, N., Tian, G. Bounding scalar curvature and diameter along 
the Kahler- Ricci flow (after Perelman), preprint 

[Tia] Tian, G. Kahler-Einstein metrics with positive scalar curvature, In- 
vent. Math. 137, 1997, 1-37. 

[Ti-Zh] Tian, G., Zhu, X. Convergence of the Kahler-Ricci Flow, To appear 
in Journal of Amer. Math. Soc. 

[Yau] Yau, S.-T. On the Ricci curvature of a compact Kahler manifold and 
the complex Monge- Ampere equation, I, Comm. Pure Appl. Math. 31, 
1978, 339-411. 

[Kat] Kato,T. (1976) Perturbation theory for Linear Operators, Springer- 
Verlag, 1976. 

[Kob] Kobayashi,S. (1987) Differential Geometry of Complex Vector Bun- 
dles, Publications of the mathemetical society of Japan 15 (Kanah- 
Memorial Lectures 5). Iwanami Shoten Publishers and Princeton Uni- 
versity Press 

[Lad] Ladyzenskaja, O.A., Solonnikov, V.A., Ural'Ceva, N.N. 

(1968) Linear and quasilinear equations of parabolic type. Providence, 
Amer. Math. Soc. 



Nefton Pali 

Mathematics Department - Princeton University 
Fine Hall - Washington road 
08544 Princeton, NJ - USA 
E-mail: npali@math.princeton.edu 



27 



